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Introduction

The presence of nonresponse and untruthful answering is natural in survey sampling.
The problem increases when the subject under study is of sensitive matter. Before
imputation methods were developed to compensate only for the nonresponse at
the estimation stage of a survey, Warner (1965) introduced his randomized response
technique. This method can be used already at the design stage of a survey with the
purpose to minimize both nonresponse and incorrect answers to allow an unbiased
estimation of the relative size πA of a sensitive subset UA of population U . Since
then several randomized response methods have been proposed. Quatember (2007a)
presented a standardization of such techniques for the estimation of proportions and
derived the statistical properties of the standardized estimator (see: Quatember
(2009)).
Christofides (2003) published a very interesting alternative procedure (=C): An
unit k of a simple random sample of size n drawn with replacementPis assigned an
integer yk from the values 1, 2, ..., L with probabilities p1 , p2 , ..., pL ( pi = 1). The
respondent k is then asked to report the random variable d with
(
L + 1 − yk if k ∈ UA
dk =
yk
otherwise.
The estimator
d − E(y)
π
bAC =
L + 1 − 2E(y)
(L + 1 6= 2E(y)) is an unbiased estimator of πA with d, the sample mean of the dk 0 s
(ibid., p.197). Its variance is given by
V (b
πAC ) =

πA · (1 − πA ) 1
V (y)
.
+ ·
n
n [L + 1 − 2E(y)]2
{z
}
|

(1)

≡A

The undeniable psychological advantage of Christofides’ procedure compared to
Warner’s technique is that the respondent does not have to answer “yes” or “no”,
which might reduce the perception of the risk of being exposed even if the respondent does understand how Warner’s technique allows to protect his or her privacy. Chaudhuri (2004) extends Christofides’ idea to unequal probability sampling.
Christofides (2005a) does this for stratified sampling and Christofides (2005b) applies his technique to the estimation of the relative size of subgroups having two
sensitive attributes at the same time.
In Section 2 the performances of Christofides’ and Warner’s technique are compared and it is shown, that Christofides example was calculated wrongly (Christofides,
2003, p.198). Section 3 lies its focus on the perceived privacy protection – a feature,
which plays a very important role in this context. In the next section it is demonstrated that Warner’s method cannot be less efficient than Christofides’ when this
feature is taken into account.
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Efficiency comparisons

In Section 3 of Christofides (2003) the efficiency of his technique is compared to
Warner’s strategy (=W ). The variance of Warner’s estimator π
bAW for simple random
sampling with replacement is given by
V (b
πAW ) =

πA · (1 − πA ) 1 1
+ · · ((2p − 1)−2 − 1)
n
n |4
{z
}

(2)

≡B

bAW the term A on
(Warner, 1965, p.65). For the efficiency comparison of π
bAC and π
the right hand side of (1) has to be compared to the term B on the right hand side
of (2).
For this purpose Christofides (2003) uses an example with the following “design
parameters” (ibid., p.198): For Warner’s design the probability p of being asked the
question “Are you a member of group UA ?” is arbitrarily fixed at p = 0.6. This
results in B = 6. On the other hand for Christofides own questioning design the
design parameters are given there by L = 6 and p1 = 0.26, p2 = 0.05, p3 = 0.1, p4 =
0.19, p5 = 0.02 and p6 = 0.38. It is easy to show, that Christofides calculated the
term A of (1) incorrectly. Because of V (y) = 4.14 and (L + 1 − 2E(y))2 = 0.36, term
A results in 11.5 and not in 3.76. Therefore unfortunately in this example it is absolutely wrong, “that the estimator resulting from our (=Christofides’; author’s note)
procedure has smaller variance than the estimator [of Warner’s strategy]” (ibid.,
p.198). Moreover if we would choose the design parameter p of Warner’s strategy
just as arbitrary equal to 0.8, which is proposed as sufficient for the privacy protection for almost all sensitive attributes anyhow in some publications (cf. Greenberg
et al., 1969, p.526, Fidler and Kleinknecht, 1977, p.1048, or Soeken and Macready,
1982, p. 488), then term B of formula (2) would actually only equal 0.4̇!
But nevertheless it is true, that “suitably choosing” other values for L and
p1 , p2 , ...pL with L ≥ 3 can construct an estimator π
bAC which will have a smaller
W
theoretical variance than π
bA of design W with any design parameter p. For example, when L = 6 and p1 , p2 , ...p6 are 0.5, 0.15, 0.12, 0.1, 0.08 and 0.05 than A would
only equal 0.402 (rounded).
Obviously for A to be smaller than B we have to choose
a) the probability p of Warner’s strategy close to 0.5,
b) the probabilities p1 , p2 , ...pL of Christofides’ method in a way, that V (y) is
small and
c) also in a way, that E(y) is far away from (L + 1)/2.
The last two points can be summarized by the recommendation to use a highly
skewed random variable y for Christofides’ technique.
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Objective measure of privacy protection

All aspects enumerated at the end of Section 2 underpin the important role of the
perceived privacy protection in this context. The closer to 0.5 p of questioning design W is chosen, the higher is the level of the respondent’s privacy protection. The
2

higher the skewness of variable y in Christofides’ design is, the lower is this level.
It is necessary to measure the loss of privacy which is connected with a certain
randomized response strategy before comparing different strategies, because differences in the loss of privacy result in different nonresponse and untruthful answering
rates (cf. Quatember, 2007b). This loss can be measured for element k in various
ways (cf. Chaudhuri and Mukerjee, 1987, p.83ff) – for instance by comparing the
following conditional probabilities: P (dk = i|k ∈ UA ) and P (dk = i|k ∈ UA c ) with
UA c = U − UA and i = 1, 2, ...L.
The privacy of the respondent is totally protected by a questioning design for
which these two probabilities are equal for each i. Modifying the Leysieffer-Warner
measures of “jeopardy” (Leysieffer and Warner, 1976, p.650) to be usable for Christofides’
technique, we let (for i ∈ N and i ≤ L+1
)
2
λi =

max(pL+1−i , pi )
max(P (dk = i|k ∈ UA ), P (dk = i|k ∈ UA c ))
=
c
min(P (dk = i|k ∈ UA ), P (dk = i|k ∈ UA ))
min(pL+1−i , pi )

(3)

(1 ≤ λi ≤ ∞) and define
λ = maxi λi

(4)

). λ measures the (maximum) loss of privacy, provided by the
(i ∈ N and i ≤ L+1
2
questioning design.
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Consequences

Using the design parameters of Christofides (2003) example (ibid., p.198), for Warner’s
strategy with p = 0.6 λ is given by 0.6/0.4 = 1.5. On the other hand L = 6 and
p1 , p2 , ...p6 equal to 0.26, 0.05, 0.1, 0.19, 0.02, 0.38 give λ = 0.05/0.02 = 2.5. This
means, that there is an objective higher loss of privacy when the new strategy is used
along with these design parameters. As the understanding of the way the procedure
protects the sample unit’s privacy is a necessary condition (cf. Landsheer et al.,
1999, p.6ff) to reduce the individuals’ fear of an embarrassing “outing”, the strategy with the higher loss of privacy will produce higher nonresponse and untruthful
answering rates.
One can easily do calculations of all possible combinations of the design parameters p1 to p6 in Christofides’ example, which demonstrate that for the same
“λ-level” variance (1) of Christofides’ randomized response strategy actually cannot
be smaller than variance (2) of Warner’s. This means in the example, that compared
to Warner’s strategy with p = 0.6 (resulting in λ = 1.5) one cannot find a single
combination of p1 , p2 , ...p6 , so that the estimator π
bAC has a smaller variance than πAW
as long as the condition of the same privacy protection has to be kept. The reason
is, that Warner’s questioning design is actually the best performing special case of
Christofides’ technique (having the most skewed distribution of y), as long as we
keep an eye on the privacy protection that is connected with the questioning design.
And from the author’s point of view there is no alternative to doing so.
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Summary

In Christofides’ procedure like in all other randomized response strategies it is not
allowed to choose the design parameters “suitably” (ibid., p.198) to be able to
produce a more efficient estimation of πA . The respondent’s perceived privacy protection plays a significant role in this context. When we consider the “λ-measure” of
loss of privacy, Christofides’ method cannot be more efficient than Warner’s design.
Of course, this objective measure of loss of privacy cannot measure the undeniable psychological advantage of not having to answer “yes” or “no” but to report
just an integer. Therefore the individual’s subjective perception of loss of privacy
might be smaller than the objectively measured one. The estimator π
bAC could then
be more efficient than π
bAW , if the design parameters are chosen in a way, which
increases λ only slightly. But a “suitable” choice of them, so that λ considerably
exceeds Warner’s λ would certainly increase both the nonresponse as well as the
untruthful answering rate. Warner’s estimator would then again have a smaller
MSE.
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